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Abstract. We consider the 2m-th order elliptic boundary value problem Lu = f{x,u) 
on a bounded smooth domain fl C with Dirichlet boundary conditions on dft. The 
operator L is a uniformly elliptic linear operator of order 2m whose principle part is of the 
form ( — X^i j=i '^ij (^) dJ'dx ) • assume that / is superlinear at the origin and satisfies 
lim •^^'^J^^ = h{x), lim ^[^{^^ = k{x), where h,k C(f2) are positive functions and g > 1 is 

subcritical. By combining degree theory with new and recently established a priori estimates, 
we prove the existence of a nontrivial solution. 



1. Introduction 

Let Q C be a bounded smooth domain. On Q we consider the uniformly elliptic 
operator 

i,j=l 0<|a|<2m-l 

with coefficients ba G C"(f2) and aij G C^'"~^'"(f2) such that there exists a constant A > 

with A-^ICP < T.Z=i (^iji^)^i^J < -^KP for all ^eR^,xen. We are interested in nontrivial 
solutions of the semilinear boundary value problem 

d/ o \ m—l 



(1.2) Lu = f{x, u) in fi, u = —u = . . . = J m = on dil, 

where ly is the unit exterior normal on dfl and / is a nonlinearity which is to be specified 
later. The main difficulties in proving existence results for this problem are the following: 

1. fll.2p has no variational structure (in general), so critical point theorems do not apply; 

2. The operator L does not satisfy the maximum principle (in general) unless m = 1. 
In the second order case, the maximum principle is a basic requirement to translate 
(11. 2p into a fixed point problem for an order preserving operator, which in turn makes 
it possible to use topological degree (or fixed point) theory in cones or invariant order 
intervals given by a pair of sub- and supersolutions. 
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3. In the case m > 1, a priori bounds for (certain classes of) solutions are harder to 
obtain than in the second order case, which makes it difficult to find solutions to (11. 2p 
via global bifurcation theory. 

In a recent paper, we have proved a priori bounds for solutions of (11.21) in the case of 
superlinear nonlinearities f{x,u) with subcritical growth satisfying an asymptotic condition. 
More precisely, we assumed: 

(HI) / : f2 X R — > M is uniformly continuous in bounded subsets of f2 x M and there exists 
g > 1 if < 2m and 1 < g < if TV > 2m and two positive, continuous functions 

k, h : Q ^ [0, oo) such that 

lim — ^ = h{x), lim ^-^^ — ^ = k{x) uniformly with respect to x & Q. 

s— >+oo s"? s^— oo s r? 

Theorem 1 (Reichel, Weth [11]). /// : r2x]R ^ R satisfies (HI) then there exists a constant 
C > depending only on the data aij, ba, ^, N, q, h, k such that ||m||oo < C for every solution 




This result can be seen as a first step towards existence results via degree theory. In order 
to state the main theorem of the present paper, we introduce additional assumptions on /. 

(H2) For all X G the function f{x, s) is continuously differentiable with respect to s and 
f{x, s), dsf{x, s) are a-Holder continuous in x uniformly for x & Q and s in bounded 
intervals. Moreover, /(x, 0) = dsf{x, 0) = 0. 

(H3) The operator L has a bounded inverse which maps C"(f2) C^'"'°(r2) with 
Dirichlet boundary conditions of order up to m — 1. 

Theorem 2. Suppose Q C R^ is a bounded domain with dQ G C*^™'"". Let m G N and 
assume / : x R — R satisfies (HI), (H2), (H3). Then (11.21) has a nontrivial solution 



We note that in many examples condition (H3) can be verified with the help of the Lax- 
Milgram Theorem and elliptic regularity, see Agmon, Doughs, Nirenberg [1]. In particular, 
if L is as in (II. ip . then L + 7 satisfies (H3) if 7 > is sufficiently large and if additionally 
ba G Cl°l-'"(n) for m < |a| < 2m. This is true since the smoothness of the coefficients allows 
to write L in divergence form and hence the quadratic form associated with L + 7 is coercive 
due to Garding's inequality, cf. Renardy- Rogers [12], if 7 > is sufficiently large. 

As an intermediate step in the proof of Theorem [21 we need to complement Theorem [T] 
with the following a priori estimate for a parameter, which might be of independent interest. 

Theorem 3. Suppose Q C R^ is a bounded domain with dQ G C*^™'". Let m G N and 
assume / : x R ^ R satisfies (HI). Then there exists a value A = A{Q, L, f) such that for 
A > A the problem 




(n) of (O). 



u G C2™."(1]). 



(1.3) 



Lu = f{x, u) + X in Q, 




has no solution u G C^'"'"(f2). 
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Due to the lack of the maximum principle for higher order equations, we have no sign 
information on the solution provided by Theorem [2l By the same reason, it is important 
that Theorems [U and [3] hold with no restriction on the sign of the solutions. We also point 
out that we make no assumption concerning the shape of the domain. 

We recall that the proof of Theorems [H is carried out by a rescaling method in the spirit 
of the seminal work of Gidas and Spruck [5] (but without a priori information on the sign 
of the solutions) and by investigating the corresponding limit problems. In particular, the 
following Liouville type theorems are used. 

Theorem 4 (Wei, Xu [14]). Letm eN and assume that q> I if N <2m and 1 < q < 
if N > 2m. If u is a classical non-negative solution of 

(1.4) (-A)"m = u" m M^, 
then u = 0. 

Theorem 5. Let m G N and assume that q> I if N <2m andl < q< f±|^ tf N > 2m. 
If u is a classical non-negative solution of 

o cym, — 1 

(1.5) (-A)™M = u'^ m Wl, u = —u = ... = ——tU = on dMJl 

oxi dx^ 

then M = 0. 

Here and in the following, we set := {x G : a^i > 0}. Theorem [3] is a slight 
generalization of Theorem 4 in our recent paper [11]. More precisely, it is assumed in [11] 
that u is bounded, but an easy argument based on the doubling lemma of Polacik, Quittner 
and Souplet [10] shows that this additional assumption can be removed. See Section |4] below 
for details. 

Theorems |4] and [5] will also be used in the proof of Theorem [31 However, the rescaling 
argument is somewhat more involved since both A and the L°°-norm of the solutions need 
to be controlled. Here various cases have to be distinguished, and additional limit problems 
arise. 

Finally we comment on some previous work related to Theorem [21 If L = (—A)'" is the 
polyharmonic operator, then (11.21) has a variational structure. In this case existence and 
multiplicity results for solutions of (11. 2p have been obtained under additional assumptions 
on / via critical point theory and related techniques, see e.g. [3,4,6,15] and the references 
therein. The approach via a priori estimates and degree theory was taken by Soranzo [13] 
and Oswald [9], but only in the special case where f2 is a ball. More precisely, in [9, 13] the 
authors first prove a priori estimates for radial positive solutions before proving existence 
results within this class of functions. An existence result for more general operators L was 
obtained in [7] for a different class of nonlinearities which gives rise to coercive nonlinear 
operators. See also the references in [7] for earlier results in this direction. 

The paper is organised as follows. Section [21 is devoted to the proof of Theorem [3l while 
Theorem [21 is proved in Section [3l Finally, in Section [H we show how to remove the bound- 
edness assumption which was present in the original formulation of Theorem [5l 
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2. Nonexistence for the parameter dependent problem 
The proof of Theorem [3] uses standard L^-W"^^'^ estimates for hnear problems 
(2.1) Lu = g{x) in n, 

f O 



(2.2) u = —u = ...= — u = QoYidVL. 

du you J 

Recall the following basic estimate of Agmon, Doughs, Nirenberg [1]. 

Theorem 6 (Agmon, Doughs, Nirenberg). Let Q C be a bounded domain with dQ G 
C2"',m G N. Let a^j G C2™-2(n), 6„ g L~(fi), g G ^^(fi) for some p G (l,oo). Suppose 
u G W'^"^''^{Q) n W^'^{fl) satisfies (12. ip . T/ien there exists a constant C > depending only 
Oft II Ci^j II (72m — 2 ^ ll^alloo, A, f2, A^, p, m and the modulus of continuity of aij such that 

\\u\\w^"^-P{Q) < C'(||5'||LP{n) + ||'"||LP(n))- 



We will also be using the following local analogue of this result. For a standard proof 
see [11]. 

Corollary 7. Let n be a ball {x E : \x\ < R} or a half-ball {x eR^ : \x\ < R,Xi> 0}. 
Let m E N, aij E C'^'^"'^ (Jt) , E L°°{Q), g E Lp{Q) for some p E (l,oo). Suppose 
u E W^'^^PiSl) satisfies (12TD 

(i) either on the ball 

(ii) or on the half-ball together with the boundary conditions u = -£^u = . . . = Q^m~i U = 

on {x G : |x| < R,Xi = 0}. 

Then there exists a constant C > depending only 071 II Clij II (j2m — 2 , ll^allcx)) -^j A", p, m, the 
modulus of continuity of a^j and R such that for any a E (0, 1) 

C 

\\u\\w2m,p^nnB^R) < ^-^ _ ^^2m (ll^ll^^(") + IHlL^m)- 



It is sometimes convenient to rewrite the operator L in the form 

L = (-1)"* J2 aa{x)D'' + J2 Ca(x)D". 

\a\=2m. 0<|Q|<2m-l 

Here aa{x) = J2 (^iii2i^) ' C'isiiix) ■ ■ ■ aj2™,_ii2m(^)) where A4a is the set of all vectors / = 

{ii, . . . , i2m) £ {1, • • • 5 A^}^™ satisfying #{j : = /} = «/ for /= 1, ... , A^. Note that a^, Cq, 
are uniformly a-Holder continuous in Q. 

Finally, the following lemma is used a number of times in the subsequent proof of Theo- 
rem |3l A version of part (a) of the lemma already appeared in Reichel, Weth [11] and similar 
arguments have been used by Wei and Xu in [14]. 
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Lemma 8. (a) Let v be a strong W^"^'''^{R^)nC^"'-\R^) solution of {-A)"'v > g{v) in 
such that D°'v is bounded for all multi-indices a with < a < 2m — 1. If g : R ^ [0, oo) is 
convex and non-negative with g{s) > for s < then either v > or v = 0. 
(b) Let V be a strong Wf^'^{M.l) H ^^'^-^(M^) solution of > 1 m M^. Then 

(— A)™""-'^!' is unbounded. 

Proof. Part (a): Let vi := (— A)'t; for Z = 1, . . . , m — 1 and set vq = v. Then we have 

-Avo = vi, -Avi = V2, ... - Avm^i > g{vo) inR^ . 

First we show that > in for / = l,...,m — 1. Assume that there exists / G 
{1, . . . , m — 1} and Xq G with vi{xq) < but Vj > in R^ for j = I -\- 1, . . . ,m. We may 
assume w.l.o.g. that xq = 0. If we define for a function w G W^^^{R^) fl C"'^(M^) spherical 
averages w{x) = ^n-i^^ §qq (^Q)'^{y) dcy, r = \x\ then the radial functions vo,vi, . . . ,Vm-i 
satisfy 

-Avq = vi, -Avi =V2, ... - At;„„i > g{vo) in M^, 

where we have used Jensen's inequality and the convexity of g. Since vi{0) < we also have 
17/(0) < 0. Moreover 

(2.3) v[{r)=—l {Vvi){ri)-ida^ 

JdBi{0) 

-1 r 

vij^i{r^)r if / < m — 1, 



Jbi{0) < _ / 

I ~ t^TV JB^ 



JBi{0) 

g{v{rC,))r dC, if I = m — 1. 

(0) 



Since the right-hand side is non-positive in both cases we obtain vi{r) < vi{0) < 0. Integrating 
the inequality 

At;;_i = -vi > -vi{0) > 

we obtain r^~^v'i_-^^{r) > —^vi{0), i.e, v'i_i{r) > —jjVi{0). The unboundedness of v'i_i yields 
a contradiction. 

Next we show that v = vq > 0. Assume that vo{xo) < and w.l.o.g. xq = 0. Since 
Avq = —vi < we see that VQ{r) < and we define a := lim^^oo '^o('^) < 0. Thus g{vo{r)) > 
\g{<y) > for r > Tq. As in (12. 3p we find 

v'^^iir) <— I g{vo{r^))rd^ = ^ [ g{vo{r]))dr] 

r 



r^-^UJN Jo JBsiO) 



giMv)) d(^v ds<-j ^^^j^g{vo{s)) ds 



- X/jr"-! 2 
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if r > 2rQ. Since the last term converges to — cxd as r — ^ cxd we obtain a contradiction to the 
boundedness of w^-i- Finally the alternative w > or w = follows since —Av > by the 
first part of the proof. 

Part (b): Let w := {-A)"^-^v so that w is a strong W^^^ (R^) n C\R^) solution of -Aw > 1. 
Let 

w{r; X) := -— (t w{y) day = — (b w{X + r^) da^ 

r JdBr{X) JdBiiO) 

for X G R'^ and < r < Xi. For fixed X G R^ the function w satisfies 

w'[r) = —i {Vw){X + ri)-ida^ = — f {Aw){X + ri)r d^ < 

J^B^ (0) JB^ (0) 



— r 



2 

for < r < Xi. Hence, w{r) < w{0) — Letting Xi and r tend to infinity we find that w 
cannot stay bounded. □ 

We now have all the tools to complete the 

Proof of Theoreml^ Assume for contradiction that there exists a sequence of pairs {uk, Xk) 
of solutions of (11.31) with Xk oo for k — > oo. Let := H^ifcHoo- By considering a suitable 
subsequence we can assume that there exists Xk G ^ such that either = Uk{xk) for all 
/c G N or Mk = -Uk{xk) for all /c G N. 

Case 1: ||ufc||oo stays bounded. W.l.o.g. we can assume G and Bs{0) C Q for some S > 0. 
Set Vk{x) := Uk{Xf,^^'^"^x). Then Vk satisfies 

L'vkix) = ^fiX^'^^'^x^Vk) + 1 in 5,i/2™iO) 

where 

|a|=2m 0<|a|<2m-l 

By standard interior regularity on the ball Bf>{0) for any i? > and any p > 1 there exists 
a constant Cp^R > such that 

||^^fc||w2,n.p(5^(o)) < Cp,ij uniformly in k. 

For p sufficiently large and by passing to a subsequence (again denoted Vk) we see that Vk ^ v 
in Cf„'^-^'"(M^) and in as A; ^ oo for every R > 0, where v G Cf„';^-''"(M^) n 

iy;^'^(M^) is a bounded weak (and hence classical) solution of 

g2 



£v = lmR^, where £ = (-l)'" ^ ""(0)^" = (" E ^^^(^^ 



|a|=2m «,j=l 

By a linear change of variables we may assume that w is a bounded, classical, entire solution 
of {—A)"^v = 1 in M^. Lemma [Hl^b) shows that we have reached a contradiction. 
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Case 2: ||nfc||oo is unbounded. For this case we need to discuss various sub-cases depending 
on the growth of the numbers 

Pk : = dist (xfc , afi) , ken. 

Passing to a subsequence, we may assume that either — oo or — p > as A; — oo. 
Case 2.1: p/c — > cx3 as oo. Again we need to distinguish two further possibihties. Let 

Afc := Xk/Ml 

Case 2.1. a: is bounded, i.e., up to selecting a subsequence, — >^ A* > 0. Then we set 
— 

'^k{y) '■= jj^'^kiMf^"^ y + Xk) so that ||wa;||oo = 1 and either Vk{0) = 1 for all /c G N (positive 
blow-up) or ffc(O) = — 1 for all /c G N (negative blow-up). Moreover we can assume that 
Xk X E n. The functions Vk are well-defined on the sequence of balls -Bpj.(0) as /c — > oo 
and they satisfy 



^V(Z/) = —Af{Mf^y + Xk.MkVk{y))+\k) for y G 5^,(0), 

=-fk{y) 

where this time 

L'=:=(-l)'" ^ a^(y)D"+ ^'(^)^" 



and 



\a\=2m. 0<|a|<2m-l 



a^iy) := a,(Mpy + x^), cl{y) := M^^ '^^^-^'^c,(Mp|/ + Xk) 



By our assumption (HI) on the nonlinearity f{x,s) we have that \\fk\\L°°{Bp^,io)) is bounded 
in k. Note that the ellipticity constant, the L°°-norm of the coefficients of L'' and the moduli 
of continuity of are not larger then the one for the operator L. By applying Corollary [7] 
on the ball -Br(O) for any R> and any p > 1 there exists a constant Cp^R > such that 

||t^fci|w2'".p(Bfl(o)) < Cp,R uniformly in k. 

For large enough p we may extract a subsequence (again denoted Vk) such that Vk ^ v 
in C2'"-i'"(5^(0)) as A; ^ oo for every i? > 0, where v G Cf„'^"^'"(M^) is bounded with 
1 1 1> I loo = 1 = ±f (0). Taking yet another subsequence we may assume that fk^Fin L°°(K) 
as — s> oo for every compact set K C M^. Also we see that 



(2.4) F{y) 



h{x)v{yy if v{y) > 0, 
k{x)\v{y)\'^ if ^^(y) <0, 



because, e.g., if v{y) > then there exists /cq such that Vk{y) > for k > ko and hence 
MkVk{y) — > cxD as A; — > oo. Therefore (HI) implies that fk{y) h{x)v{yY as A; — > cxd, and a 
similar pointwise convergence holds at points where v{y) < 0. Finally, note that the pointwise 
convergence of fk on the set = {y e M.^ : v{y) > 0} and Z~ = {y E : v{y) < 0} 
determine due to the dominated convergence theorem the weak*-limit F of fk on the set 
Z"*" U Z~ . Since c'^{y) — >■ and a'^{y) — > cLa{x) as A; — oo and since, for any fixed p G (1, oo). 
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we may assume that Vk —>■ v in W^^~'^'^{W'^) we find that v is a bounded, weak W[^f{W^) 
solution of 

N 



(2.5) Cv = F + X* inR^, where £ = {-!)"' ""(x)/^" = (- ^ aij(x) 

\a\=2m i,j=l 

Since F G L°°(M^) we get that v e Wf„^'^(M^) n Cf^^'^'^'iR^) is a bounded, strong solution 
of (12. 5p . Because D'^^v = a.e. on the set {y e : v{y) = 0} one finds that w is a strong 
solution of 

' h{x)v{y)'' + \* iiv{y) > 0, 

(2.6) £w = <( if v{y) = 0, 

k{x)\v{y)\'^ + X* ifv{y)<0 

in M^. Note that the right-hand side of (12.61) is larger or equal to g{v), where the function 
g is defined by 

h{x)s'^ if s > 0, 
k{x)\s\'i ifs<0. 

Since the function g is convex we can apply Lemma [H](a) and obtain v > 0. Thus v is 
a classical Cf^''^{R^) solution, and by a linear change of variables we may assume that v 
solves 

{-Ay^v = h{x)v'' + A* in M^, v{0) = 1. 

Clearly v and all its derivatives of order < 2m are bounded. If A* = then Theorem H] tells 
us that this is impossible. And if A* > then Lemma Mjo) provides a contradiction. This 
finishes the proof in this case. 

Case 2.1.b: A^ is unbounded, i.e., up to a subsequence Xk — ^ oo. Now we set Vk{y) := 

-^UkiMj^"^ A^ ^^^™?/ + Xfc). The functions Vk are again well defined on a sequence of expanding 
balls and satisfy 

(2.8) L'^vkiy) = j\-{f{M'fK''^'^y + ^k,MkVk{y))+Xk), 

XkMl Vv ' ) 



(2.7) g{s) 



■■■fkiy) 



where this time 



with 



\a\=2m 0<|Q|<2m-l 



<{y) ■■= a^{Ml^-Xl"'-y + Xkl c'M := M^^^^--^^Ar-^c.(Mp A'^/^ + x.). 

Arguing like before we arrive at the situation that t^^ — > w in Wf^^~'^'^{MJ^) as k ^ oo, where, 
modulo a linear change of variables, v G Cj^^~ '"(M^) fl Wi^'^iR^) is a bounded strong (and 
hence classical) solution of {—A)"^v = 1 in M^. A contradiction is reached via Lemma [Hl(b). 

Case 2.2: pfc — ^ P > 0. Then, modulo a subsequence, Xk ^ x E dfl as /c — > oo, and 
after translation we may assume that x = 0. By flattening the boundary through a local 
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change of coordinates we may assume that near x = the boundary is contained in the 
hyperplane Xi = 0, and that xi > corresponds to points inside Q. Since dQ is locally a 
C^'^'^-manifold, this change of coordinates transforms the operator L into a similar operator 
which satisfies the same hypotheses as L. For simplicity we call the transformed variables x, 
the transformed domain Q and the transformed operator L. Note that dist(xfc, dQ) = Xk,i for 
sufficiently large k. By passing to a subsequence we may assume that this is true for every k, 

q-l 

SO that pk = Mj^"" Xk,i- As before we need to distinguish two further possibilities by defining 
~Xk := Xk/Ml 

Case 2.2.a: Up to selecting a subsequence assume that — A* > 0. In this case we define 
the function Vk, the coefficients a^, and the operator L'^ as in Case 2.1. a, where Vk is now 

defined on the set {y G : M^^"^ y + G fi} which contains Bp^ifi). Then we make 
another change of coordinates, defining 

Wk{z) := Vk{z - pkCi), 
c^iz) ■.= cl{z- pkCi), 

where ei = (1,0, ... ,0) G is the first coordinate vector, and likewise the operator . 
Note that Wk, a^, and the operator L*^ are defined on the set 

nk := {zeR^ : M^z + (0, Xk,2, • • • , Xk,N) G 

and that Wkipk^i) = ±1. We now fix i? > and let B'j^ = -B_r(0) fl M^. By our assumptions 
on the boundary dQ near x, we have C Qk for sufficiently large k. Moreover, Wk satisfies 

_ - - 1 1-9 

L^Wk{z) = fk{z) + Afc in E+, where fk{z) := j^fiMk"" z + {0,Xk,2, ■ ■ . , Xk,n}, MkWk{z)), 

together with Dirichlet-boundary conditions on {z G : \z\ < R, Zi = 0}. Hence we may 
apply Corollary [7] on the half-ball B^ and find that for any p > 1 there exists a constant 
Cp,R > such that 

||wfc||,4/2m,p(B+) < Cp^R uniformly in k. 

By the Sobolev embedding theorem, this implies that Vvk is bounded on i?^ independently 
of k, and since 




=±1 =0 

we see that p = lim pk > 0. As in Case 2.1. a we can now extract convergent subsequences 

fc— >oo 

Wk ^ w in Cfo'^~^'"(M+) and fk-^Fin L'^{M.^) a,s k ^ oo, where F > 0, ^ is determined 

in the same way as in Case 2.1. a. This time, w isa bounded, strong IV;;7'^(M^)nC;™"^'"(M^')- 
solution of 

o C)7Ti — 1 

Cw = F + X* in R^, —w = ... = = on dR^ 
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with L as in fl2.5p . By a linear change of variables we may assume that w solves 

(2.9) i-Arw = g{w) + A* in R^^, —w = ... = ^^^^ = on dR^, 

where g is defined as in (12 .yp of Case 2.1. a. The representation formula of Theorem 9 in [11] 
applies and shows that w is nonnegative, so that g{w{z)) = h{x)w{zY . Moreover, 

w{pei) = lim Wkipkei) = 1, 

k- 



so that U7 is a positive, bounded and classical solution C -solution of (—A)'^w = h(x)w'^ + X* 
in M.^ with Dirichlet boundary conditions on dM.^. A contradiction is reached by either 
Theorem [5] if A* = or Lemma Etb) if A* > 0. 

Case 2.2.b: Up to selecting a subsequence A^ oo. In this case we need to define Vk as in 
Case 2.1.b, which is now well-defined on the set 

Efc := G : MpA"^/'™?/ + e Q} 
and satisfies (12. 8p on this set. By our assumptions on the boundary of Q near x, we have 

dist(0, = MpX'J^'^Xk,! = PfcA^/"" =: Tk for all k. 

Passing to a subsequence, we may assume that either — > oo or — r > as — > oo. 
In the former case we come to a contradiction as in Case 2.1.b, since then Vk is well defined 
and bounded on a sequence of expanding balls. In the latter case we proceed completely 
analogously as in Case 2. 2. a with replaced by for every k. The only difference is that 
in this case, modulo a linear change of variables, we end up with a bounded strong classical 
solution of (— A)™f = 1 in R^. Again a contradiction is reached via Lemma [H]^b). 

Since in all cases we obtained a contradiction, the proof of Theorem [H] is finished. □ 

3. Proof of the existence result 

In this section we complete the proof of Theorem [3l Finding a solution u G C^™'"(f2) of 
(11.31) is equivalent to finding a solution u G C°'{Q) of the equation 

(3.1) [Id-/CA](n) = 

where for A G M the nonlinear operator }C\ : C"(r2) — > C"(f2) is defined by 

JCx{u) = L^^w with w{x) = f{x,u{x)) + X. 

By assumption (H3) we may regard : C"(r2) C^"*'"(r2) as a bounded linear operator. 
Moreover, since the embedding C^'"'"(f2) ^ C"(f2) is compact, ICx is also compact for every 
A G M. Let A > be as in Theorem [3] so that (13.11) has no solution for A > A. By Theorem [T] 
there exists K > such that for all A G [0,A] any solution u G C°(r2) of (13. ip satisfies 
||w||oo < K. By elliptic regularity and (H3) we may assume ||M||(7Q(n) ^ by adjusting K. 
Consequently, we find that 

(3.2) [ld-ICx]{u) ^ if (m. A) G (52^,(0) x {A}) U (952/^(0) x [0,A]), 
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where i?2i<:(0) C C"(r2) denotes the 2K-haAl with respect to || ■ The homotopy 

invariance of the Leray-Schauder degree and and fl3.2p imply 

deg(Id -/Co, B2KiO), 0) = deg(Id -/Ca), 52^,(0), 0) = 0. 

For these and other properties of the Leray-Schauder degree, we refer the reader to [2, Chapter 
2.8] or [8, Chapter 2]. Next we note that is an isolated solution of fl3.1l) for A = 0. Indeed, 
assume that there exists a sequence of solutions m„, of (13.1 1) with A = and ||Mn||c" ~^ 
as n — i> oo. Let f„, := Mri/||Mn||oo- Since by (H2) f{x,s) = O(s^) uniformly in x G for 
s in bounded intervals, we conclude that Lvn = f{x,Un)/\\un\\oo ^ as n — s> oo so that 
ll^^nlloo — > as n — oo, which is a contradiction. Moreover, since dsf{x, 0) = by (H2), the 
derivative (i/Co(0) : C"(fi) — > C"(fi) of /Cq at u = vanishes. Hence, for small e > 0, we have 
by [8, Theorem 2.8.1] 

deg(Id -/Co, fie(O), 0) = deg(Id -rf/Co(0), 5,(0), 0) = deg(Id, 5,(0), 0) = 1. 

The additivity property of the topological degree now implies that 

deg(Id -/Co, 52A'(0) \ BM, 0) ^ 0, 

hence there exists u G B2k{0) \ B^{0) such that u — K,q{u) = 0. Therefore m is a nontrivial 
solution of (El]). □ 

4. Proof of Theorem 5 

In section we show how Theorem [3] can be deduced from [11, Theorem 4] with the help 
of the doubling lemma of Polacik, Quittner and Souplet [10]. We recall the following simple 
special case of this useful lemma. 

Lemma 9. (cf. [10]) Let {X, d) be a complete metric space and M : X ^ {0, oo) be bounded 
on compact subsets of X . Then for any y E X and any k > there exists x E X such that 

M{x) > M{y) and M{z) < 2M{x) for all z e Bk/M{x){,x). 

This follows by taking = S = X in [10, Lemma 5.1], so that F := S \ D = and 
therefore dist(|/, F) = oo for all ?/ e X. 

We now may complete the proof of Theorem [5l Suppose by contradiction that there exists 
an unbounded solution u of (11. 5p . and put M := : M. Then there exists a 

sequence {yk)k C such that Mijjk) — > oo as n — > oo. By Lemma [9l applied within the 
underlying complete metric space X := W^, there exist another sequence {xk)k C such 
that 

M{xk) > M{yk) and M{z) < 2M{xk) for all z G Bk/Mi,,)ixk) n IJ. 

We then define pk := Xk,iM{xk), the affine halfspace Hk := {C G : Ci > ~Pk} and the 
function 

_ u(Xk + T77Z-^) 
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for G N. Then is a nonnegative solution of 

r i-Aruk = ul in Hk, 

(4.1) <^ . d ^ ( d ^rn-l^ 

yuk = -Q^Uk = ■■■ = j Uk = on dHk 

such that 

2m 

?ifc(0) = 1 and UkiO < 2^ for all ( ^ HkO 5^(0). 
We may now pass to a subsequence and distinguish two cases: 

Case 1: — oo as — > oo. In this case Corollary [7](i) implies that the sequence {uk)k is 
locally VT^'^'^-bounded on M^, therefore we can extract a convergent subsequence Mfc — m in 
Cfj^~^'"(M^), where ii is a solution of (11.41) satisfying u{0) = 1. By Theorem H] we obtain a 
contradiction. 

Case 2: ^ p > as ^ oo. In the case we perform a further change of coordinates, 
defining 

Vk{z) := Uk{z - pfcCi) for z G IR+, 

where again ei = (1, 0, . . . , 0) G is the first coordinate vector. Then Vk is a nonnegative 
solution of 

i-Arvk = vl in M^, 

Vk = -Q^Uk = ■■■ = y-g^J Vk = on dR^, 

while _^ 

VkiPkei) = 1 and Vk{z) < 2^ for all z G BkipkCi) n R^. 
Using now Corollary [Tl^ii), we deduce that the sequence {vk)k is locally iy^™'^-bounded in 
W^. In particular \Vvk\ remains bounded independently of in a neighborhood of the origin, 
which in view of the boundary conditions implies that p = lim pk > 0. We can therefore 

extract a convergent subsequence Vk ^ v in Cf^~^'°' (R'^) , where u is a solution of (ll.Sp 
satisfying 

, , ^ , 2m TIT- 

v{pei) = 1 and v{z) < 2~ for z G M+. 
This contradicts [11, Theorem 4], and the proof is finished. □ 
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